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Empirical evidence shows that there is a close link between regime shifts and 
business cycle fluctuations. A standard term structure of interest rates, such 
as the Cox, Ingersoll, and Ross (1985; CIR) model, is sharply rejected in the 
Treasury bond data. Only Markov regime-switching models on the entire yield 
curve of the Treasury bond data can account for the observed behavior of the 
yield curve. In this paper, we examine the impact of regime shifts on AAA-rated 
and BBB-rated corporate bonds through the use of a reduced-form model. The 
model is estimated by the Efficient Method of Moments. Our empirical results 
suggest that regime-switching risk has significant implications for corporate bond 
prices and hence has a material impact on the entire corporate bond yield curve, 
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The term structure of defaiiltable bonds is one of the most important entities in 
credit risk modeling because it describes the relationship between the yields on 
a defaultal)le discount bond and its maturity. It is one of the fundaiiieiitals for 
pricing credit risk derivatives. Many iiiocieLs of the term structure are based on 
the assumption that all information about the economy is contained in a finite-
dimensional vector of state variables, the dynamics of which are governed by 
stochastic processes. The dynamics may be derived by using absence of arbitrage 
arguments, obtained endogenously in a general equilibrium framework, or identi-
fied from market data using econometric methods. The exact expression for the 
price of defaiiltable bonds depends on the specification of the stochastic processes 
for the state variables and the associated market price of risk. 
Cox, Ingersoll, and Ross (1985; CIR) proposed the univariate square-root 
process for the instantaneous interest rate (spot rate) in a general equilibrium 
framework so that heteroscedasticity is introduced into the spot rate dynamics. 
Diiffie and Singleton (1999) extended the framework to reduced-form models of 
credit risk. They introduced an adjusted spot rate to account for both the prob-
ability and timing of default, and for the effect of losses on default. These models 
are known as exponential affiiie models. The diffusion processes of the interest 
1. 
rate that are specified in these models provide closed-from expressions for transi-
tion and marginal densities of the interest rate, and also bond prices. As a result, 
these models are analytically tractable and easy to implement. However, Ghysels 
and Ng (1997) rejected current affine models in a semiparametric test. 
One potential problem of affine models is the assumption that all the model 
parameters are constant over time. Generally, business cycles and monetary poli-
cies can affect real rates and expected inflation, and can cause interest rates to 
behave differently in different time periods. An alternative to affine models in 
capturing these effects is the regime-switching model that is proposed by Hamil-
ton (1988). This model allows the parameters of the interest rate process to be 
dependent on a discrete regime variable. Hence, the conditional density depends 
on the current regime, and a Markov transition matrix governs the evolution of 
the regime variable. 
Many papers demonstrate that the short interest rate process can be rea-
sonably well modeled in time series as a regime-switching process (see Garcia 
and Perron (1996), Gray (1996), and Ang and Bekaert (1998)). The results have 
motivated recent empirical studies to estimate an entire term structure of in-
terest rates that is based on regime-switching models (see Naik and Lee (1997), 
Evans (1998), Bansal and Zhou (2002), and Wu and Zeiig (2005)). The regime 
dependence that is introduced by these empirical studies implies richer dynamic 
behavior of the market price of diffusion risk and regime-switching risk. Hence, 
they offer greater econometric flexibility for the term structure models to account 
for both the time series and cross-sectional properties of interest rates. 
Ill this paper, we extend this stream of literature to a reduced-form model 
of credit risk. We take seriously the idea that changes in regimes can potentially 
have sizable effects on the term structure of default able bonds; therefore, incor-
porating them can better account for the observed behavior of the term structure 
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of defaultable interest rates. Motivated by this possibility, we develop a contin-
uous time model with a general equilibrium framework of the term structure of 
defaultable interest rates that incorporates regime shifts. The actual yield curve 
of a given credit rating class fluctuates around the mean curve for the current 
regime. Sometimes, discrete changes in the economy lead to a jump in the term 
structure of yield volatilities and in the mean yield curve. At any time, the yield 
curve reflects the current regime and the expectation that the current regime may 
change. 
Our work contributes to both the theoretical and empirical literature on the 
term structure of defaultable interest rates. We obtain a closed-form solution of 
the term structure of defaultable interest rates using an affine-type model similar 
to that ill Bansal and Zhou (2002) and Wu and Zeiig (2005). We then show 
how the regime shifts affect the entire yield curve and dynamic behavior of bond 
yields for two credit rating classes — AAA-rated and BBB-rated. We use the 
Efficient Method of Moments (EMM), developed in Bansal (1995) and Gallant 
and Tauchen (1996), to estimate the models that are under consideration. The 
empirical exercise relies on the AAA-rated and BBB-rated defaultable bonds data 
from 1973 to 1997. We find that there is an improvement of model specification 
when the regime-switching risk component is incorporated in both AAA-rated 
and BBB-rated defaultable bonds. 
There are two major motivations for modeling defaultable interest rates 
with regime switches. First, there exists a large body of statistical empirical evi-
dence in the finance literature (see Garcia and Perron (1996), Gray (1996)，and 
Ang and Bekaert (1998)). This evidence motivated the studies of the impact of 
regime shifts on the entire yield curve of defaultable bonds with reduced-form 
models of credit risk. Second, the evidence in the macroeconomics literature sug-
gests that models with regime shifts can help explain the movements in a number 
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of real and nominal macroecoiiomic variables, which are intimately related to in-
terest rates (see Evans and Lewis (1995)，and Boudoukh, Richardson, Smith, and 
Whitelaw (1999)). For example, the transitions between economic expansion and 
recession have effects on monetary policy, inflationary expectations, and nominal 
interest rates. However, term structure models such as the Cox, Ingersoll, and 
Ross (1985) and afRne models do not incorporate them. The absence of these 
important components in the models may explain why the models have poor 
empirical performance. 
The rest of this paper is organized as follows. Section 2 reviews the theo-
retical reduced-form models. Section 3 presents a general equilibrium mo del of 
credit risk with regime-switching risk. Section 4 presents the methodologies of 
our empirical studies. Section 5 gives the introduction of SNP density and EMM 
estimation. Section 6 conducts an empirical analysis of the model in which the 




There are two primary types of models in the literature that attempt to describe 
default processes for debt obligations and other default able financial instruments, 
referred to structural models and reduced-fonn models. 
The structural models of credit risk, pioneered by Black and Scholes (1973) 
and Mertoii (1974), link up a firm's equity and its assets using option pricing 
theory. In the framework of Merton's model, a firm defaults if, at the time of 
servicing the debt, its assets are below its outstanding debt. No early default is 
allowed prior to maturity. Alternatively, another approach, introduced by Black 
and Cox (1976), allows defaults to occur as soon as firm's asset value falls below 
a certain threshold. In contrast to the Merton approach, default can occur at any 
time. 
The reduced-form models of credit risk^ do not consider the relation between 
default and firm value in an explicit manner. In contrast to structural models, 
the time of default in the reduced-form models is not determined via the value of 
the firm, but instead is taken to be the first jump of a point process (for example, 
^ Examples of reduced-form models include those of Pye (1974), Rarnaswamy and Sundaresan 
(1986), Litterniari and Iben (1991)，Pons (1994), Lando (1994, 1997，1998)，Artzner and Delbaen 
(1995), Das and Turfano (1995), J arrow and Turnbull (1995), Nielsen and Ronn (1995)，Cooper 
and Mello (1996), Jarrow, Lando and Turnbull (1997), Martin (1997), Schonbucher (1997, 2003)， 
Madaii and Uiial (1998), Duffie and Singleton (1999) and Hugliston and Tiirnbull (2001). 
5. 
a Poisson process). The parameters that governs the default hazard rate are 
inferred from market data. 
In this section, we concentrate on the reduced-form approach. We first fix 
the information and probabilistic framework to develop the theory of reduced-
form models. After that, we apply these concepts to the valuation formulas for 
default-free and defaultable bonds. Finally, we analyze the different treatments 
the recovery rate has received in the literature. 
2.1 Information and Probabilistic Framework 
We assume that the economic uncertainty is modeled with the specification of 
a filtered probability space 11 = (fi, P), where Vi is the set of possible 
states of the ecoiioniic world, and P is a probability measure. The filtration [Tt) 
represents the flows of information over time. T = ^(Ui>o ^ ^ is a cr-algebra, a 
family of events at which we can assign probabilities in a consistent way. When 
pricing an instrmiient, we always assume no-arbitrage and, in this case, P = Q 
is the risk-iieiitral measure. 
The model for the default-free term structure of interest rates is given by a 
non-negative, bounded and (JTJ-adapted default-free short-rate process r^ . The 
money account value process is given by 
/ ft \ 
Pt = exp / Tsds . (2.1) 
\Jo 
2.2 Poisson and Cox Process 
Poisson processes provide a convenient way of modeling default arrival risk in 
reduced-form models. The parameters governing the default intensity are inferred 
from market data. 
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First, consider an increasing sequence of stopping time (r^  < r^+i). We 
define a counting process associated with that sequence as a stochastic process 
Nt given by 
Nt = YlMn<t}- (2.2) 
i 
A homogeneous Poisson process with intensity A > 0 is a counting process 
and the increments are independent and satisfy 
P[NT -Nt = /c] = i [ A ( T - 力 ) 广 0 ， (2.3) 
for 0 < t < T, i.e. the increments NT — Nt are independent and have a Poisson 
distribution with parameter A(T — t) for t <T. 
An inhomogeneoiis Poisson process is a generalized version of hoinogeneoiis 
Poisson process. It allows the default intensity to be time dependent Xt = X{t). 
The increments are independent and satisfy 
P[NT - Nt = = 义 X{s)ds e x p j - ^ A(s)fis| . (2.4) 
If we consider stochastic default intensities, the Poisson process would be 
called Cox process. For example, we can assume Xt follows a diffusion process of 
the form 
dXt = Xt)dt + a(t’ At)dVVt, (2.5) 
where Wt is a Brownian motion. 
The fundamental idea of the reduced-form framework is to model the default 
time as the first jump of a Poisson process. Therefore, we define the default time 
7. 
to be 
r = ini{teR-^\Nt>0}. (2.6) 
The survival probabilities for an inhomogeneous Poisson process under this 
setup are given by 
P[AR, = 0] = P [ T > T] 二 E 入⑷叫. (2.7) 
The density of the time of the first default is the conditional expectation of 
the corresponding result for iiiliornogeneous Poisson processes 
P[T E [T, t + dt]] = E |A � e—厂如)叫 dt. (2.8) 
The intensity rate Xi is the central element of reduced-forni models, and 
represents the instantaneous default probability, i.e. the short-term default risk. 
2.3 The Building Blocks of Pricing 
We assume a perfect and arbitrage-free capital market, where the money market 
account value process /3t is given by (2.1). Using the previous property, the price 
at time t of a default-free zero coupon bond with maturity T and face value of 1 
unit is given by 
「尸(T:n 1 � 广 /"T \1 
P{t,T) = \； V t exp - / r(s)ds . (2.9) 
L PT � L 乂 .人 / J 
From the previous section, the survival probability s(t,T) in the risk-neutral 
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measure can be expressed as 
r / fT \i 
s{t,T) = P[T >T\T>t] = E exp - / X{s)ds . (2.10) 
L V Jt J. 
Now, consider a default able zero coupon bond issued by a firm with matu-
rity T and face value of M units that, in case of default at time T < T, generates 
a recovery payment of Rr units. R丁 is an ^r^dapted stochastic process, with 
Rt 二 0 for all t > T. This specification of the recovery rate incorporates all possi-
ble ways of dealing with recovery payments considered in the literature. Hughston 
and Tiirnbiill (2001) show that the price of the default able coupon bond at time 
t, {0 <t < T), is given by 
Q{t,T) = /^Api^lA 
. P T J L Pr J 
r 广 \ 1 
= E exp - {t's + Xs)ds M Ti 
. \ Jt / 
� / " T / r \ 1 
+ E / 7?,A,exp - / (ry. + K)du ds\J=-t , (2.11) 
Jt \ Jt J . 
assuming 丁 > t and all the technical conditions that ensure that the expectations 
are finite as shown in Lando (1994) and Bielecki and Rutkowski (2002). The first 
term represents the expected discounted value of the payment of M units at time 
T, taking into account the possibility that the firm may default. The second term 
represents the expected discounted value of the discounted value of the recovery 
payment. The first integral in the second term makes reference to the fact that 
default can happen at any time between t and T. Thus, for each s G (t, T], we 
discount the value of the recovery rate Rs times the instantaneous probability of 
default at time s given that no default has occurred before. 
9. 
2.4 Comparing the Recovery Models 
Three main specifications of modeling the recovery of defaultable claims have been 
adopted in the literature: recovery of face value (RFV), recovery of treasury (RT) 
and recovery of market value (RMV). J arrow, Lando and Turnbiill (1997) consider 
the RT specification in which the recover}^ rate is an exogenous fraction of the 
value of an equivalent default-free bond. Diiffie and Singleton (1999) consider the 
RMV specification in which the recovery rate is equal to an exogenous fraction 
of the market value of the bond just before default. Houweling and Vorst (2001) 
consider the RFV specification in which the recovery rate is an exogenous fraction 
of the face value of the defaultable bond. 
Under the RMV specification, Diiffie and Singleton (1999) show that this 
claim can be priced as if it were default-free by replacing the usual short-term 
interest rate process rt with the default-adjusted short-rate process yt = rt-\-XtLt. 
Lt is the expected loss rate in the market value if default were to occur at time 
t, conditional on the information available up to time t 
Rr = (2.12) 
Q[T-,T) = lim Q(s ’T) , (2.13) 
where r is the default time, Q[T~,T) is the market price of the bond just before 
default, and Rr is the market value of the defaulted bond. That is, under the 
technical conditions, the market value of the defaultable claim to (2.11) shown 
by Duffie and Singleton (1999) is 
「 广 / 、 1 
Q(t,T) - E exp - / ijsds M\Tt . (2.14) 
L V Jt / -
This is natural, in that A山 is the "risk-neutral mean-loss rate" of the 
10. 
instrument due to default. Discounting at the adjusted short rate y.t therefore 
accounts for both the probability and timing of default, and for the effect of losses 
on default. 
A key feature of the valuation equation (2.14) is that if the mean-loss rate 
process XtLt is exogenoiisly given, standard term-structure models for default-free 




General Equilibrium Model 
This section develops a general equilibrium approach for a reduced-form model 
of defaultable bonds with systematic risk of regime shifts. We start by describing 
the state variables, investment opportunities for the economy, and the lifetime 
utility function. Then, we obtain a closed-form solution for the term structure of 
interest rates under an affine model using log-linear approximation. 
3.1 State Variables 
The economy is assumed to be driven by two types of state variables, x{t)= 
{x-i{t),..., XM{t)y and s{t). Following Diiffie and Singleton (1999), the first type 
of variable x{t) has a continuous path, and is determined by the stochastic dif-
ferential equation 
dxt = (.i{xt)dt + a{xt)dBt, (3.1) 
where B is the standard Brownian motion in R ^ , and the drift term L.i[Xi) in 
RM and the diffusion term (j[xt) in RMxm are regime dependent. The second 
type of variable s[t) is a continuous-time Markov chain that represents N distinct 
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regimes, taking on values of 1, 2 , N . Following Landen (2000) and Wu and Zeng 
(2005), the marked point process is used to obtain a convenient representation of 
s{t). Let the mark space E be: 
E = {(i, j ) N}J e {1,..., AO, I + 几 （3.2) 
with cr-algebra t — 2^. Let z = be a generic point in E, which represents 
a regime shift from state i to j. A marked point process, m(t, •)，is uniquely 
characterized by its stochastic intensity kernel and can be defined as 
dz) — h{z, x{t—))l{s{t—) = i}£z{dz)dt, (3.3) 
where li(z, x{t—)) is the regime-shift intensity from state i to state j at z = 
conditional on x(t—), ) = i} is an indicator function of the regime at time 
t—, and ez{A) is the Dirac measure for A, a subset of E, at point z — {i, j). It is 
defined by ^-(A) = 1 if 2； € and £z{^) = 0 li z ^ A. Hence, dz) is the 
conditional probability of shifting from state i to state j during [t, t + dt\ given 
x{t—) and s(t—) = i. Moreover, dz) is in general state dependent. 
Let m(t, A) denote the ciiinulative number of regime shifts that belong to 
A, a subset of E, during (0, t]. Then m{t, A) has its compensator, 7爪(力，A), which 
is given by 
Jm(t,A) = F I h(z,x(T-))I{s{T-) =i}e,{dz)dT, (3.4) 
Jo J A 
which implies that m(t, A) — 7m(,’ A) is a martingale. 
With the notation, it is now clear that the regime s{t) can be represented 
13. 
as 
ds= \]f(z)m[dt,dz), (3.5) 
JE 
with the compensator given by 
ls{t)dt = [ yV{z)jrn{dt,dz), (3.6) 
JE 
where ^I'(z) = ^^((i, j)) = j — i. 
3.2 Investment Opportunities 
Following Mertoii (1990) and Wii and Zeiig (2005), it is assumed that expecta-
tions about the dynamics of the price per share in the future are the same for 
all investors. Thus, the prices depend on both state variables x{t) and s{t) as 
described by the stochastic differential equation 
(Ijp.、 『 
——=i^Lf^dt + (JkdBk + / 6k{z)m[dt, dz), k = 1,..., n, (3.7) 
Pk JE 
where n < M, both the instantaneous expected rate of return, i^/,, and the in-
st^intaneous standard deviation of return, cjk, are functions of x{t—) and s ( t - ) , 
and df^(z) is the discrete percentage change in k due to a regime shift, i.e., 
工:)()二)((::)’)邓-)).Hence, we assume that regime shifts not only affect the drift 
/ifc and the volatility (Jk, but also directly result in discontinuous changes in the 
prices as the economy shifts from one regime to another. 
We further assume that one of the n assets is a defaultable pure discount 
bond, the price of which is given by 
dQ I' 
= i^iQdt + aqdEq + J dQ(z)m(dt, dz), (3.8) 
14. 
where the drift ",q，the volatility ctq, and the discrete percentage change SQ(Z) 
are to be determined by the equilibrium conditions, and SQ(Z) is the discrete 
percentage change in the bond prices due to a regime shift, i.e.,卯’當二二j广-))• 
In other words, we allow that regime shifts not only affect the drift /ig and the 
volatility CTQ, but also directly result in discontinuous jumps in the prices. 
By manipulating (3.8), one can obtain the following: 
t/C^  f 
-Q = + j 6Q{z)-irn{dt,dz) 
+ (JQCIBQ + / DQ{z)[m{dt, dz) - dz)]. (3.9) 
J E 
As the last two terms in this equation are martingales, the instantaneous expected 
defaultable bond return should be 
ET-(尝)=l-iQdt + I ()Q(z)J,N(dt,dz), (3.10) 
\ Q J Je 
where the first term is the regime-dependent expected defaultable bond return due 
to diffusion, and the second term is an additional component in the defaultable 
bond return due to discrete regime shifts. 
3.3 Preferences 
Given the initial wealth WQ, we move to the problem of maximizing the expected 
lifetime utility of a representative agent, which is given by 
Eo r e-P'U{c{i))dt , (3.11) 
Jo . 
where c(t) is the flow of consumption and [/(•) is the instantaneous utility func-
tion. U(-) is assumed to be strictly concave, increasing, and twice differentiable 
15. 
with U(0) = 0 and U'{0) = oo. 
It is assumed that the representative agent is a mutual fund investing in a 
specified investment grade class. In other words, the agent only allocates wealth 
among the n — 1 assets in the same investment grade class, the defaultable bor-
rowing and lending, and consumption. The dynamic of the wealth equation can 
be described by the stochastic differential equation: 
dw = + {b- c)dt, (3.12) ^ Pk 
where w(t) is the agent's wealth at time t, (pk is the fraction of wealth that is 
invested in the A:tli security (hence 4>k = 1)，Kt) is her income and c(t) is 
her flow of coiisiimption. Substituting for dPk/Pk from (3.7), and assuming that 
the nth asset is the defaultable borrowing and lending, we can rewrite (3.12) as 
dw = wfiwdt + wau)dBt, + / wdi^,{z)m(dt, dz), (3.13) 
J E 
where 
_ m _ 
—w = w ^ - y) + y + ( 6 - c ) ’ (3.14) 
.k=l . 
「 m m _ 
WCTw = W ^i^j^ij , (3.15) 
\ L?:=i -
m 
= w Y^^kSkiz) , (3.16) 
-k=i _ 
where m = n — 1 and the ...’ <p.m are unconstrained because can always be 
chosen to satisfy the constraint 0a；三 1. 
16. 
3.4 The Term Structure of Defaiiltable Bonds 
In this section, we go on to obtain a closed-form solution for the term structure 
of defaiiltable bonds. Assuming that U(c) = log{c), the prices of the defaiiltable 
pure discount bonds are given by the following theorem. 
Theorem 3.1 The price at time t of a defaultable discount bond Q{t, y{t), T) 
m a specified investment grade class which matures at time T satisfies the follow-
ing system of partial differential equations. 
Qt + {/-hj 一 Vw(^y)Qy + ^(^iQyy 
+ I (1 - X,{z))AsQh{z, a:)I{6' = i}e,{dz) = yQ. 
J E 
with the boundary condition Q{T, y, s, T) = 1 for all y and s, where '"y；= 
EJll — K(z) = 
Proof . Let J{w{t), s{t),y{t)) = sup⑷，..如，。）E^/^^ be the 
indirect utility function. We assume that a solution to the agent's problem ex-
ists. We also assume that indirect utility function J{iu(t), s(t), y(t)), the optimal 
consumption, and portfolio choice satisfy the Bellman equation^ 
0 = sup (U(c) — pJ(w, s, y) + �y叫 + iMyJy + 议'cr切)2 J腳 
1 f \ 
+ + -CTyJyy + / AsJjrn(dz) , (3.17) 
^ ‘ JE J 




UlCF^y 二 If； ^  (t>k(^ky , (3.18) 
.k=l J 
As J 二 + + J(^ i;，s，y)， (3.19) 
7爪(c/2) = h(z,x(t-))I{s(t-) = i}e,(dz), (3.20) 
and y(t) represents the defaultable interest rate that is associated in defaultable 
bonds of a given investment grade class defined in (2.14). Moreover, ,‘•„；，a^) 
and dw are given in (3.14), (3.15), and (3.16), respectively, and the subscripts 
on the J(w, s, y) function denote partial derivatives. The state variable y{t) is 
Xn+i{t) as defined in (3.1), while f.Ly and dy are the drift and the volatility term 
of y{t), respectively. Substituting 广“…a^ u, and from (3.14), (3.15), and (3.16), 
respectively into (3.17), the m + 1 first-order conditions are 
0 二 [ / ( c ) - J川， (3.21) 
/ m \ 
0 = w(jLk — y)Jw + (川2 f (pjakj Jww + {umky)Jxoy 
\ .7 = 1 / 
+ / + s + k = l,...,m.(3.22) 
J E 
From (3.22), the first-order condition for a defaultable pure discount bond 
defined in (3.8) is given by 
/ m \ 
0 = U![FJGI 一 Y�JW + (秘2 f J WW + —(^QY)JIUY 
\ .7 = 1 / 
+ / WSQ(Z)J,,{IU(1 + 5 + <lJ{z),y)jm{dz). (3.23) 
JE 
18. 
This can be further rewritten as 
0 == W(JIQ — Y)Jw + {W'^VWCTQ) JXUXV +�WOQY)J” 
+ / W6Q{Z)J,,[W[1 + + (3.24) 
JE 
where ”切 二 Z^JLi ^jPQi^j and pQj is the correlation between the defaultable bond 
and the jth asset. 
By manipulating (3.24), we have 
- Y = (科"ctq) + (AQY) 
\ Jw / \ J lU J 
- f + (3.25) 
J E \ ’Au J 
Under logarithm utility function U{c{t)) = log c � ’ it can be proven that the 
indirect utility function is separable in w{t) and y{t). It can also be proven that 
the indirect utility function is separable in w(t) and s{t). Therefore, J{w, s, y) 
can be written as ~ log w + f(s, y), where f(s, y) solves the system of differential 
equation after substituting ,/('⑴，5, y) and the optimal choice of consumption (c*) 
and portfolio ...，0*J into (3.17). This separability implies that </” = 0. 
Following Plotter (1990), we can apply Ito's formula to Q(t, lu, s, y), and 
we have 
dQ = Qt + {u)i.Lu,)Qn, + l^hjQy + 去 ( 舊 + + ^(^iQyy clt 
-\-[(wa,a)Qru + (7yQy]dBQ + / AsQm{dt,dz). (3.26) 
JE 
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Matching the coefficients between (3.26) and (3.8), we have 
AiQ = ^[Qt + + l^yQy 
+ - 一 脚 + + ^a^jQyy], (3.27) 
OQ = ^ + (JyQy]， (3.28) 
她 = 学 (3.29) 
Substituting J 霍 = 0 and (3.27), (3.28), and (3.29) into (3.25), we have 
Qt + 互 x u x u mj + n^ijQyy 
, f J WW \ , � 
+ jiy - — wr],,ay Qy 
. \ 丄u) J � 
I f J WW、 2 
+ wid,i’ - 一"— w r]u,(T,, Qu) 
. V 丄W / 」 + I (l + \.Qlm{dz) = yQ. (3.30) 
JE \ JW J 
Moreover, we assume that the change of wealth of the representative agent 
is independent of the change of price of a defaultable bond. In other words, the 
representative agent is not the issuer of the defaultable bond. It implies Q^； 二 0, 
Q^aiu = 0’ and Q^y = 0. Moreover, J = ^ log lu + / ( s , y) implies Jw = ^ and 
Jwxu = — T h e r e f o r e , (3.30) can be further simplified as 
Qt + l^lQvv + (A� -Vw(^y)Qy + / f 1 + \sQlm{dz) = yQ. (3.31) 
^ J E \ Jw J 
In addition, because J =�logw; + / ( s , y), we have 
1 年 = 嫩 （3.32) 
where A “ z ) = 纖 . 
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Substituting (3.32) into (3.31), the proof is completed. • 
Theorem 3.1 defines a system of N partial differential equations if there are 
N distinct regimes. As pointed out by Wu and Zeng (2005), the system generally 
does not admit a closed-form solution to the bond price. Following Duffie and 
Kan (1996), Dai and Singleton (2000), Duffie, Pan, and Singleton (2000), and 
Wii and Zeng (2005)，we have the following affine specification, which is known 
to offer a tractable model of the term structure of interest rate. We assume 
My = ao(s) + ai(s)y, (3.33) 
a" = \/cr(s)y. (3.34) 
Under (3.33) and (3.34), the default-adjusted short rate y(t) follows the 
square-root process with regiiiie-dependeiit drift and diffusion terms 
dy = (cio(s) + a 八 s)y)dt + a {s)y (IB y. (3.35) 
By manipulating (3.35)，we have the standard CIR model that follows the 
square-root process 
dy = f^{s){y{s) - y)dt + y/a(s)ydBy, (3.36) 
where K(S) - -ai{s) and y{s) = 
Furthermore, we assume that 
/i(z,x) = e 吧 (3.37) 
n. 二 0 � yM^, (3.38) 
A,(z) = 1 — ( 3 . 3 9 ) 
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Equation (3.37) assumes that the Markov chain s{t) has constant transition prob-
abilities that are given by e"'(力 for simplicity. Equation (3.38) implies the market 
price of the diffusion risk in equilibrium and 6{s) is the coefficient that determines 
the market price of diffusion risk. Equation (3.39) parameterizes the market price 
of the regime-switching risk, and 0s � is the coefficient that determines the mar-
ket price of regime-switching risk. 
Assuming that U{c) = log(c), the term structure of defaiiltable bonds can 
be solved and given by the following theorem. 
Theorem 3.2 Under the assumptions (3.33)-(3.34) and {3.31)-(3.39), the price 
at time t of a defaultable pure discount bond in a specified investment grade class 
with time to maturity r is given by Q(t, r) = QA{T,s{t))+BiT,s{t))y{t) ^ and the observed 
T-period defaultable interest rate is given by Y{t, r) 二 — 广 1(丁’了谷（之））—B(T,s(^ ))y(t),偏^re 
A(T, s{t)) and B{T, s(t)) are determined by the following system of differential 
equations: 
— ^ ^ ^ + H(^)-外力A(力]5(R，^ + S) 
+ I ^ i}s,{dz) = 1, 
JE 
and 
- + ao⑷召(T, 5) + f ( 一 ⑷ ( e A . “ > i ) — i)l{s = V^e八dz) = 0, 
OT JE 
with the boundary conditions ^4(0’ s) = 0 and B{0, s) = 0, where AgA = s + 
vI / (2 ) ) - A{T, S) and ASB = B(T, S + 屯 ( z ) ) — B{T, S). 
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Proof. Substituting Q(t,T) = gA"^’妳))+树丁’补� and T = T - t into Theorem 
(3.1)，we have 
二 释 d B �丁 , s) 
y — dr dT J 
+ [aoGs) + (ai(s) — E{s)(j[s))y]B[T, s) + \[o[s)y]B''[T, s) 
+ f � ) ( e A ‘ , � _ = i}e, {dz) , (3.40) 
JE 
where A^^ == A{T, S + 屯(z)) — A{T, S) and = B{T, S + — s). 
Because y is small, by applying the log-linear approximation, we can obtain 
~ 1 _j_ By matching the coefficients of y on both sides of the 




111 the estimation, our focus is to evaluate whether different term structure models 
of defaultable bonds can justify the observed behavior of two defaultable interest 
rates the six-month and five-year AAA-rated and BBB-rated defaultable bond 
rates. We explore the ability of two types of models to justify the observed 
conditional distribution of the two interest rates under consideration. Model 1 is 
the standard one-factor CIR model that is proposed by Cox, Iiigersoll, and Ross 
(1985). Model 2 is the one-factor CIR model that is developed in Proposition 
(3.2), in which the risk of regime shifts is priced. Because the main purpose of 
this paper is to highlight the potential impact of the systematic risk of regime 
shifts on the term structure of defaultable bonds, we do not consider multi-factor 
term structure models. 
We assume that there are two distinct regimes {N = 2) for s{t). Therefore, 
Proposition (3.2) defines a system of four differential equations that must be 
solved simultaneously. There are 12 parameters in the model. We fit the model 
to the data for the six-month and five-year rates. However, the data cannot 
be fitted to the model directly because Y(t, r) in Proposition (3.2) is a kind of 
spot rate and we only have corporate bond data. We need a model to extract 
zero-coupon rates from current fixed coupon-bearing bond prices. 
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There is a direct method to fit a yield curve, known as the bootstrapping 
method, but it somewhat lacks robustness. Indirect methods are therefore usually 
preferred. The common character of all indirect models is that they involve 
fitting data to a pre-specified form of the zero-coupon yield curve. The general 
approach is to first select a reference set of bonds with market prices and cash 
flows that are taken as given. Then, one postulates a specific form of the discount 
function or zero-coupon rates. ^  Finally, a set of parameters is estimated that best 
approximates given market prices. 
Among all indirect methods, the Extended Nelson and Siegel (ENS) model 
is chosen to fit the yield curve. The curve-fitting technique first described by 
Nelson and Siegel (1987) has been applied and modified in a number of ways,^ 
so that it is sometimes described as a family of curves. The ENS model offers a 
conceptually simple and parsimonious description of the term structure of interest 
rates. It avoids over-parametrizatioii while allowing for monotonically increasing 
or decreasing yield curves and hump-sliaped yield curves. It also avoids the 
problem in spline-based models of choosing knot points subjectively. 
After obtaining Y(t, T) in Proposition (3.2) using the ENS model, the model 
is fit to Y(t, T) on the six-month and five-year AAA-rated and BBB-rated default-
able bond rates. To utilize a consistent approach for evaluation and estimation 
across the different models, we apply the simulation-based efficient method of 
moments (EMM) estimator, developed by Gallant and Taucheii (1996). 
The EMM estimator consists of two steps. First, the empirical conditional 
density of the observed defaultable interest rates is estimated by an auxiliary 
model that is a close approximation of the true data generating process. Gallant 
and Tauchen (1996) suggest a semi-nonparametric (SNP) series expansion as a 
1 Examples of indirect methods include exponential spline, polynomial spline, Nelson and 
Siegel model and Vasicek model. 
^Examples of Extended Nelson and Siegel models include those of Svensson (1994), Bliss 
(1997), and Landschoot (2003). 
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convenient general purpose auxiliary model. As pointed out by Bansal and Zhou 
(2002), the advantage of using the semi-nonparametric specification for the aux-
iliary model is that it can asymptotically converge to any smooth distributions, 
including the density of Markov regime-switching models. Second, the score func-
tions from the log-likelihood of the SNP density are used as moments to construct 
a GMM-type criterion function. The scores are evaluated using the simulation 
output from a given term structure model, and the criterion function is minimized 
with respect to the parameters on the term structure model under consideration. 
A nonlinear optimizer is used to find the parameter setting that minimizes the 
criterion function.3 Further details regarding SNP density and EMM estimation 
are provided in Appendix B. 
Finally, note that the short-rate factor y{t) in (3.36) is a standard one-factor 
CIR model. It defines interest rate movements in terms of the dynamics of the 
short rate. The variance of the short rate is related to the level of interest rates, 
and this feature has the effect of not allowing negative interest rates. It also 
reflects a higher interest rate volatility in periods of relatively high interest rates, 
and correspondingly lower volatility when interest rates are lower. However, 
the short-rate factor in the standard one-factor CIR model cannot be directly 
simulated using a discrete time counterpart. Hence, the step-wisely moment-
matched log-normal scheme is applied to simulate the short-rate factor under 
the CIR model. Further details of the step-wisely moment-matched log-normal 
scheme are provided in Appendix C. 
3Gallant and Tauchen (200G) provide user guides for the SNP and EMM programs. 
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Chapter 5 
SNP and EMM 
We now provide technical details on how to construct a semiiionparametric (SNP) 
density to generate the data-dependent moment conditions, and how to estimate 
the structural parameters of a term structure model by matching the SNP scores 
with long simulation data via the Efficient Method of Methods (EMM). The 
method is developed in Bansal, Gallant and Tauchen (1995) and Gallant and 
Tauchen (1996). 
5.1 SNP Density 
The method is termed semi-nonparametric (SNP) to suggest that it lies halfway 
between parametric and nonparametric procedures. The method employs an ex-
pansion in Hennite functions as a general purpose nonparametric estimator to 
approximate the conditional density of a multivariate process. Following Gallant 
and Tauchen (1996), any smooth conditional density function can be approxi-
mated arbitrarily close by a Hermite polynomial expansion. Let y denote the 
vector of the interest rates under consideration and x be the vector of lagged 
y. The auxiliary /-model has a density function that is defined by a modified 
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Hermite polynomial 
f { y M = J ， t 2 ” • 〜 巧 , (5.1) 
where V{z, x) is a polynomial with degree Kz and z, which is a standardized 
transformation 2： = R;\y—l~h：、with S^ ； = RXR'X- The square of V{z, x) makes the 
density positive, and the argument of the polynomial is z. The coefficients of the 
polynomial are allowed to be another polynomial of degree /、； in x. The constant 
in the polynomial of z is set to 1 for identification. In addition,几似(.)is a Gaussian 
density of dimension M with a mean vector /i^ ； and variance-covariance matrix 
Ex, where //-^； is estimated by using a VAR specification, and S^ ； is estimated by 
using an ARCH specification, which parameterizes R^. Note that both fi^ and 
凡 depend only on lags of y. 
The length of the auxiliary model parameter is detei.miiied by the number 
of lags of X used in constructing the coefficients of the polynomial Lp, the degree 
Kz of the polynomial in 2, the degree K工 of the polynomial in x, lags in the VAR 
mean specification L a n d lags in the ARCH specification L.r. The polynomial 
V{z, x) take the form 
V[z,x)= [«(入1，入2,工)2；1'142， （5.2) 
Ai，A2 
where a(Ai, A2, x) are the coefficients of the polynomial in z, and the sum is over 
all pairs of iionnegative integers (Ai,入2) such that Ai + A2 < Kz- In general, a 
positive Iz means all interactions of order exceeding Kz — h are suppressed to 0. 
Similarly, the interactions terms of Kx of order exceeding 1〈工—Ix are suppressed 
to 0. Putting certain of the tuning parameters to zero implies sharp restrictions 
on the process {yt}^ the more interesting of which are given in Table 5.1. 
Let be the observed data and Xt-i be the lagged observations. The 
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Table 5.1: Restrictions Implied by Settings of the Tuning Parameters 
Parameter Setting Characterization of {yt} 
Lu = 0，Lr = 0, Lp > 0, Kz = 0, Kx = 0 i.i.d. Gaussian 
Lu > 0,Lr = 0, Lp > 0’ Kz = 0’ /(a； = 0 Gaussian VAR 
Lu > 0,Lr = 0, Lp > 0’ K^ > 0，K^ = 0 Semiparametric VAR 
Lu > 0 , L r > 0，Lp > 0, K之= 0 ’ = 0 Gaussian ARCH 
Lu > 0, Lr > 0, Lp > 0’ Kz > 0，Kx = 0 Semiparametric ARCH 
Lu > 0, Lj. > 0, Lp > 0, Kz > 0, Kx > 0 Nonlinear nonparametric 
parameters On are estimated by minimizing 
n 
Sn{0) = ( — 相 H ， 州 . (5.3) 
The dimension of the auxiliary /-model, the length of 9, is selected by the 
Scliwarz Bayes information criterion (Schwarz, 1978), which is computed as 
BIC = Sn(en) + {lo/2n) log(n), (5.4) 
where le is the length of the auxiliary model. The criterion rewards good fits as 
represented by small but uses the term {lo/'^n) log(n) to penalize good fits 
obtained by means of excessively rich parameterizations. 
5.2 EMM Estimation 
Let { i / t h be a long simulation from a candidate value of p, the parameter vector 
of the maintained structural model. The moment criterion is 
~ 1 N ~ 
mN[pJn) = — Y^{d/de) log flfjtip)\xt-i(p), On], (5.5) 
丁 = 1 
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and the GMM estimator of the structural parameter vector is 
argmin 777,A^ (p, ^n), (5.6) 
p 
where / „ is the weighting matrix. It is estimated by the mean-outer-pro duct of 
SNP scores 
In = 基 ) l o g / [ 仏 ( p 狀 . (5.7) 
The normalized criterion function value in the EMM estimation forms a 
specification test for the overideiitifying restrictions 
nniNip, On)'i~^mNip, On)〜x^ih 一 Q, (5.8) 
where the degree of freedom equals lo — Ip, that is, the number of scores moment 
conditions in the auxiliary model, lo, less the number of structural parameters, 




An empirical study is conducted to check whether the defaultable interest rates 
of different maturities can be well described by dynamic term structure models 
that incorporate regime shifts. We first describe the data obtained from Uni-
versity of Houston's Fixed Income Database, and the yield obtained from the 
Extended Nelson and Siegel model. After that, we describe the result of the 
semiiionparanietric (SNP) density and the Efficient Method of Methods (EMM) 
estimation. 
6.1 Data Description 
The data in this empirical study were obtained from the University of Houston's 
Fixed Income Database. This database consists of monthly information on most 
publicly traded bonds since 1973. Each issue is identified by a CUSIP number and 
includes information on the issue date, maturity date, flat price, coupon, accrued 
interest, bond rating, industry sector, and call and put features. As the latest 
update we have is March 1997, we use monthly data that run from January 1973 
through March 1997, 291 months in all. To study the term structure of defaultable 
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bonds, we focus on two credit rating classes — AAA-rated and BBB-rated. 
Several filters are imposed to construct the sample of defaultable corporate 
bonds. First, we choose non-callable and non-putable bonds that are issued by 
industrial, utility, and transportation firms. Firms in broad industries such as 
finance, real estate finance, insurance, and banking are excluded from our sample. 
Second, notes and bonds under one year to maturity, and bills under one month 
to maturity are eliminated from the sample due to liquidity problems.i At this 
stage, our sample, on average, consists of 52 AAA-rated bonds and 74 BBB-rated 
bonds from January 1973 through March 1997. 
We then apply the Extended Nelson and Siegel (ENS) model to fit the yield 
curve. Two sets of data, August 1975 and December 1984, are reported missing in 
the database. Hence, we use the mean of the preceding and the following month 
as proxies for these two yields. The sunimary statistics of the term structures of 
AAA-rated and BBB-rated defaultable bonds data are given in Table 6.1. It is 
clear that, on average, the yield curve is upward sloping. Moreover, the positive 
skewness and kiirtosis suggest departure from Gaussian distribution. 
To incorporate important time-series and cross-sectional aspects of term 
structure data, we focus on a short-term yield on six-month bills and a long-term 
yield on five-year notes. The two models that are mentioned in Chapter 4 are 
forced to match the conditional bivariate joint dynamics of the two yields. As 
pointed out by Bansal and Zhou (2002), one-month or three-month bill is not 
used to represent short end, because it is more likely to be affected by liquidity 
needs.2 The time-series plots of the yields are given in Figure 6.1. 
iSee Bliss (1997). 
2See Bansal and Coleman (1996) and Bansal and Zhou (2002). 
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Table 6.1: Summary Statistics of Term Structures of AAA-rated and BBB-rated 
Defaultable Bonds Data, ranging from January 1973 to March 1997 
Panel A: Term Structures of AAA-rated Defaultable Bonds Data 
Maturity 3 Months 6 Months 1 Year 2 Years 3 Years 5 Years 7 Years 10 Years 
Mean 0.0790 0.0806 0.0821 0.0837 0.0851 0.0876 0.0897 0.0922 
Std. Dev. 0.0277 0.0265 0.0256 0.0245 0.0237 0.0231 0.0231 0.0236 
Skewness 0.9001 0.8112 0.7976 0.8730 0.9508 1.0783 1.1697 1.2543 
Kurtosis 0.9860 0.7523 0.5887 0.5184 0.5167 0.5992 0.7203 0.8759 
Maximum 0.1696 0.1679 0.1651 0.1617 0.1605 0.1617 0.1648 0.1695 
Minimum 0.0292 0.0315 0.0357 0.0420 0.0460 0.0520 0.0564 0.0605 
Range 0.1404 0.1364 0.1294 0.1196 0.1145 0.1096 0.1083 0.1089 
Panel D: Term Structures of DDD-rated Defaultable Bonds Data 
Maturity 3 Months 6 Months 1 Year 2 Years 3 Years 5 Years 7 Years 10 Years 
Mean 0.1003 0.1012 0.1024 0.1041 0.1055 0.1075 0.1089 0.1107 
Std. Dev. 0.0284 0.0272 0.0264 0.0254 0.0248 0.0239 0.0233 0.0229 
Skewness 0.8359 0.7489 0.7134 0.7083 0.7463 0.8721 0.9775 1.1111 
Kurtosis 0.5674 0.3565 0.2138 0.0359 0.0002 0.1722 0.3991 0.8066 
Maximum 0.1869 0.1824 0.1768 0.1724 0.1713 0.1738 0.1766 0.1821 
Minimum 0.0476 0.0499 0.0539 0.0583 0.0619 0.0683 0.0731 0.0780 
Range 0.1393 0.1325 0.1229 0.1141 0.1094 0.1056 0.1034 0.1042 
6.2 Estimation Results 
Tables 6.2-6.5 contain the results of the chosen SNP specifications. The EMM 
estimator consists of two steps. In the first step of the EMM procedure, we 
fit an SNP density of the bivariate joint dynamics of the short-term and long-
term yields. The SNP density employs an expansion in Hermite functions as 
a convenient general purpose auxiliary model that is a close approximation of 
the true data generating process. The dimension of this auxiliary model can 
be selected by the Bayesian Information Criterion (BIC) proposed by Schwarz 
(1978). The technical notations of the SNP specifications are given in Appendix 
B. 
Table 6.2 reports different choices of SNP density and their corresponding 
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Six-Month Yield Level 
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Figure 6.1: Observed short-term yield and long-term yield 
BIG values of the term structures of AAA-rated defaultable bonds. We find that 
the overall best fit based on BIG is the SNP specification with two lags (L^ = 2) in 
the VAR-based conditional mean, five lags {Lr = 5) in the ARCH specification, 
and a polynomial of order four {K^ = 4) in the standardized residual z. The 
total number of parameters for this SNP specification is 31 [IQ = 31). Table 6.3 
reports different choices of SNP density and their corresponding BIC values of 
the term structures of BBB-rated defaultable bonds. We find that the overall 
best fit based on BIC is the SNP specification with one lag (L^ = 1) in the 
VAR-based conditional mean, four lags (L^ = 4) in the ARCH specification, and 
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Table 6.2: SNP Score Generator for AAA-rated Defaultable Interest Rates 
Lr Ip Kz h Kx h lo sn{9) PIC 
1 0 1 0 0 0 0 9 0.02777 0.11550 
2 0 1 0 0 0 0 13 -0.03253 0.09419 
3 0 1 0 0 0 0 17 -0.03987 0.12585 
2 1 1 0 0 0 0 15 -0.09418 0.05204 
2 2 1 0 0 0 0 17 -0.10796 0.05776 
2 3 1 0 0 0 0 19 -0.15274 0.03247 
2 4 1 0 0 0 0 21 -0.17222 0.03249 
2 5 1 0 0 0 0 23 -0.19230 0.03190 
2 6 1 0 0 0 0 25 -0.19312 0.05058 
2 7 1 0 0 0 0 27 -0.19571 0.06749 
2 5 1 4 3 0 0 31 -0.30793 -0.00574 
2 5 1 4 2 0 0 32 -0.31045 0.00149 
2 5 1 4 1 0 0 34 -0.31187 0.01956 
2 5 1 4 0 0 0 37 -0.31545 0.04523 
2 5 1 5 4 0 0 33 -0.31297 0.00871 
2 5 1 5 3 0 0 34 -0.31448 0.01695 
2 5 1 5 2 0 0 36 -0.31563 0.03530 
2 5 1 5 1 0 0 39 -0.32173 0.05844 
2 5 1 5 0 0 0 43 -0.33176 0.08740 
2 5 1 4 3 1 0 49 -0.36162 0.11603 
2 5 1 4 3 2 1 67 -0.41532 0.23779 
2 5 1 4 3 2 0 76 -0.44405 0.29680 
Note: The SNP specification has a leading ARCH term with lags in conditional mean and 
Lr in conditional standard deviation. Kz is the degree of the squared Hennite polynomial 
capturing the deviation from conditional Gaussian distribution. The coefficients of the 
polynomial are allowed to be another polynomial of degree K^ in x. L and means all 
interactions of order exceeding Kz — and Kx — h- are suppressed to 0. 
a polynomial of order four ( / � � = 4 ) in the standardized residual The total 
number of parameters for this SNP specification is 26 {lo = 26). The information 
criterion for choosing the preferred SNP specification is the minimum value of BIC 
given in (5.4). Parameter estimates of the preferred SNP density are reported in 
Table 6.4 and Table 6.5. 
After obtaining the estimated nonparametric SNP density, we can estimate 
the parameters of different term structure models using EMM estimation. Table 
6.6 shows the main EMM estimation results for two models. Panels A and B give 
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Table 6.3: SNP Score Generator for BBB-rated Defaultable Interest Rates 
L‘i Lr Lp K: h I<x h le sn{9) PIC 
1 0 1 0 0 0 0 9 0.42634 0.51407 
2 0 1 0 0 0 0 13 0.39259 0.51931 
3 0 1 0 0 0 0 17 0.37350 0.53922 
1 1 1 0 0 0 0 11 0.35436 0.46159 
1 2 1 0 0 0 0 13 0.32504 0.45176 
1 3 1 0 0 0 0 15 0.30713 0.45335 
1 4 1 0 0 0 0 17 0.28526 0.45098 
1 5 1 0 0 0 0 19 0.26921 0.45442 
1 6 1 0 0 0 0 21 0.25263 0.45734 
1 7 1 0 0 0 0 23 0.25093 0.47513 
1 4 1 4 3 0 0 25 0.21360 0.45730 
1 4 1 4 2 0 0 26 0.19567 0.44912 
1 4 1 4 1 0 0 28 0.18959 0.46253 
1 4 1 4 0 0 0 31 0.18600 0.48819 
1 4 1 5 4 0 0 27 0.20346 0.46666 
1 4 1 5 3 0 0 28 0.18934 0.46228 
1 4 1 5 2 0 0 30 0.18829 0.48073 
1 4 1 5 1 0 0 33 0.18367 0.50535 
1 4 1 5 0 0 0 37 0.16685 0.52753 
1 4 1 4 2 1 0 46 0.12105 0.56946 
1 4 1 4 2 2 1 66 0.08479 0.72816 
1 4 1 4 2 2 0 76 0.03974 0.78059 
Note: The SNP specificatiuii has a leading ARCH term with L", lags in conditional mean and 
Lr ill conditional standard deviation. Kz is the degree of the squared Herrnite polynomial 
capturing the deviation from conditional Gaussian distribution. The coefficients of the 
polynomial are allowed to be another polynomial of degree K^ in x. and means all 
interactions of order exceeding K之 一 h and 1<工—h are suppressed to 0. 
the results for AAA-rated defaultable bonds and BBB-rated defaultable bonds 
respectively. Model 1 is the standard one-factor CIR model that is proposed by 
Cox, Ingersoll, and Ross (1985). Model 2 is the one-factor CIR model that is 
developed in Theorem 3.2, in which the risk of regime shifts is priced. 
As seen from Panel A of Table 6.6, the clii-square statistic of model 1 is 
216.39 and the clii-square statistic of model 2 drops to 79.46. This indicates 
an improvement when the regime-switching risk component is incorporated in 
AAA-rated defaultable bonds. In model 1，the standard one-factor CIR model, 
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the short-term AAA-rated defaultable interest rate has an average long-run mean 
level of 7.13% {y 二 a o / ( - a i ) = 0.0063/0.0884) and an average conditional 
standard deviation of 1.31% ( v ^ = v^(0.0024)(0.0713) ). The mean rever-
sion parameter is 0.0884 {k = —a\ — 0.0884), therefore the short-term AAA-
rated defaultable interest rate is very persistent. In model 2, the one-factor 
CIR model in which the risk of regime shifts is priced is developed in Theorem 
3.2. In Regime 0, the short-term AAA-rated defaultable interest rate has an 
average long-run mean level of 3.95% [y = a o / ( — = 0.0031/0.0784) and an 
average conditional standard deviation of 1.07% ( v ^ = ^(0.0029)(0.0395)). 
The mean reversion parameter is only 0.0784 [k, = —ai = 0.0784), and thus 
the short rate is very persistent in this regime. In Regime 1, the short-term 
AAA-rated defaultable interest rate has a higher average long-run mean level 
of 11.78% (y = ao / ( - a i ) = 0.0103/0.0874) and a higher average conditional 
standard deviation of 2.40% ( y ^ = ^(0.0049)(0.1178) ). The mean reversion 
parameter is 0.0874 (k = —ai = 0.0874), and thus the short rate is less persistent 
in this regime. Also, note that the coefficients on the market price of diffusion risk 
and regime-switching risk are different among regimes. This shows that the yield 
curve has regime-dependent properties. The transition probability from Regime 
0 to Regime 1 is 0.0438 {h{z,x) 二 e " . '�=e-3 . i279) . The transition probability 
from Regime 1 to Regime 0 is 0.0414 {h{z,x) = � = 6 — 3 遍 6 ) 
As seen from Panel B of Table 6.6, the chi-sqiiare statistic of model 1 is 
238.77 and the chi-square statistic of model 2 drops to 84.10. This indicates 
an improvement when the regime-switching risk component is incorporated in 
BBB-rated defaultable bonds. In model 1, the standard one-factor CIR model, 
the short-term BBB-rated defaultable interest rate has an average long-run mean 
level of 10.38% [y = a o / ( - a i ) = 0.0112/0.1079) and an average conditional 
standard deviation of 2.56% = \/(0.0063)(0.1038) )• The mean rever-
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sion parameter is 0.1079 (k = - a i = 0.1079), therefore the short-term BBB-
rated defaultable interest rate is very persistent. In model 2, the one-factor 
CIR model in which the risk of regime shifts is priced is developed in Theorem 
3.2. In Regime 0, the short-term BBB-rated defaultable interest rate has an 
average long-run mean level of 4.43% {y 二 ao/(—^Ji) = 0.0029/0.0654) and an 
average conditional standard deviation of 1.47% ( y ^ = \/(0.0049)(0.0443)). 
The mean reversion parameter is only 0.0654 {K. = —o] = 0.0654), and thus 
the short rate is very persistent in this regime. In Regime 1, the short-term 
BBB-rated defaultable interest rate has a higher average long-run mean level 
of 13.31% [y = a,o/(—fli) = 0.0282/0.2119) and a higher average conditional 
standard deviation of 2.90% [ y / ^ = \/(0.0063)(0.1331) ). The mean reversion 
parameter is 0.2119 (k = —cii = 0.2丄19)，aiui thus the short rate is less persistent 
in this regime. Also, note that the coefficients on the market price of diffusion risk 
and regiine-switchiiig risk are different among regimes. This shows that the yield 
curve has regime-dependent properties. The transition probability from Regime 
0 to Regime 1 is 0.0425 (h(z,x) = e". '�=已一㊀丄哪）The transition probability 
from Regime 1 to Regime 0 is 0.0394 (h(z,x) = e " . ' � 二 6—3.2334) 
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Table 6.4: Parameter Estimates of SNP Density for AAA-rated Defaultable Bonds 
Parameter Estimate Standard Error 
Hermite: 
a(0,0) 1.00000 (0.00000) 
a(0,l) 0.00638 (0.10447) 
a(l,0) 0.20973 (0.08471) 
a(0,2) -0.62401 (0.09267) 
a(2,0) -0.08536 (0.07443) 
a(0,3) -0.15094 (0.11192) 
a(3,0) 0.23417 (0.05429) 
a(0,4) 0.16303 (0.22990) 
a(4’0) -0.10477 (0.05595) 
Mean: 
/,(2，0) -0.04549 (0.02630) 
"(1,0) -0.04989 (0.02827) 
ju(24) -0.02216 (0.05423) 
ju(2,‘3) -0.13827 (0.04049) 
//,(2,2) 0.92669 (0.05741) //,(2,1) 0.17952 (0.03770) 
/ i(l ,4) -0.43903 (0.06370) 
jii(l,3) 0.11032 (0.05407) 
".(1，2) 0.45267 (0.05964) 
jii(l,l) 0.83201 (0.05886) 
ARCH: 
R(1,0) 0.08474 (0.02959) 
R(l ,2) 0.19452 (0.02276) 
R(3) 0.11277 (0.04153) 
R(l，l) 0.44506 (0.08765) 
R(2,l ) 0.62252 (0.12043) 
R(l ,2) -0.27063 (0.10311) 
R(2,2) -0.20607 (0.16883) 
R(l ,3) 0.03205 (0.13836) 
R.(2,3) 0.44619 (0.10371) 
R(l ,4) -0.31903 (0.06837) 
R(2,4) -0.33327 (0.12196) 
R(l ,5) 0.04459 (0.11355) 
R.(2,5) 0.34684 (0.09001) 
Note: The parameter in the Hermite polynomial function a( i , j ) stands for the term with 
2th power on the short yield and jth power on the long yield. The parameters in the VAR 
conditional mean function /.i(l,0), /-i(2,0), /ii(l, 1), jli(2, 1), jn(l, 2), and /n(2, 2) are, respectively, 
constant in short yield, constant in long yield, lag one short yield in short yield equation, lag 
one long yield in short yield equation, lag one short yield in long yield equation, and lag one 
long yield in long yield equation. The parameter in the ARCH standard deviation function 
R ( l , m) and B(2, n) is, respectively, short yield with lag equals m, and long yield with lag 
equals n. The parameter i?.(3) is the constant off-diagonal term. 
39. 
Table 6.5: Parameter Estimates of SNP Density for BBB-rated Defaultable Bonds 
Parameter Estimate Standard Error 
Herrnite: 
a(0,0) 1.00000 (0.00000) 
a(0,l) -0.03099 (0.05858) 
a(l,0) -0.10675 (0.10617) 
a(0,2) -0.32663 (0.09267) 
a ( l , l ) 0.15431 (0.04718) 
a(2,0) 0.37065 (0.05042) 
a(0,3) 0.01324 (0.10127) 
a(3,0) -0.08556 (0.04141) 
a(0,4) 0.170G9 (0.07264) 
a(4,0) 0.18115 (0.05296) 
Mean: 
/i(2,0) 0.00172 (0.02304) 
0.06437 (0.028G5) 
/i(2,2) 0.92679 (0.03035) 
"(2,1) 0.04129 (0.02798) 
"(1,2) 0.37820 (0.05805) 
/t ( l , l ) 0.55571 (0.05G42) 
ARCH: 
R(1’0) 0.09587 (0.02267) 
R(l ,2) 0.16905 (0.01430) 
R(3) 0.11637 (0.02255) 
R ( l ’ l ) -0.34786 (0.06822) 
R(2,l) -0.63774 (0.11182) 
R(l ,2) -0.17104 (0.05820) 
R(2,2) -0.74861 (0.12060) 
R(l ,3) 0.03381 (0.06624) 
R(2,3) 0.71594 (0.14145) 
R(l ,4) -0.29285 (0.05839) 
R(2,4) -0.19392 (Q.16617) 
Note: The parameter in the Hermite polynomial function a{i,j) stands for the term with 
itli power on the short yield and jth power on the long yield. The parameters in the VAR 
conditional mean function /i(l , 0), /i(2,0), /.^(l, 1), " (2 ,1) , " (1 ,2) , and ,i(2，2) are, respectively, 
constant in short yield, constant in long yield, lag one short yield in short yield equation, lag 
one long yield in short yield equation, lag one short yield in long yield equation, and lag one 
long yield in long yield equation. The parameter in the ARCH standard deviation function 
R{l, m) and R{2,n) is, respectively, short yield with lag equals m, and long yield with lag 
equals n. The parameter R{'i) is the constant off-diagonal tenii. 
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Table 6.6: Model Estimation by Efficient Method of Moments 
Panel A: Panel B: 
Model 1 Model 2 Model 1 Model 2 
Regime 0: 
ao 0.0063 (0.0003) 0.0031 (0.0005) 0.0112 (0.0003) 0.0029 (0.0005) 
ai -0.0884 (0.0008) -0.0784 (0.0016) -0.1079 (0.0004) -0.0654 (0.0005) 
cr 0.0024 (0.0003) 0.0029 (0.0006) 0.0063 (0.0003) 0.0049 (0.0005) 
d -8.3550 (0.0182) -12.2900 (0.0328) -7.4468 (0.004G) -10.8970 (0.0557) 
0 0.1279 (0.0382) 0.1561 (0.0216) 
Regime 1: 
tto 0.0103 (0.0006) 0.0282 (0.0005) 
0,1 -0.0874 (0.0005) -0.2119 (0.0028) 
cr 0.0049 (0.0006) 0.0063 ((3.0006) 
G -12.9640 (0.0285) -13.0460 (0.0403) 
(j) -0.3154 (0.0498) -0.3205 (0.0227) 
Transitional 
Probability: 
1/^(0,1) -3.1279 (0.0204) -3.1592 (0.0272) 
-3.1846 (0.0069) -3.2334 (0.0339) 
Specification Test: 
216.39 79.46 238.77 84.10 
d.o.f. 27 19 22 14 
Note: The two term structure models are given in Chapter 4. Model 1 is the standard 
one-factor model that is proposed by Cox, Ingersoll, and Ross (1985), without regime shifts. 
Model 2 is the one-factor CIR model that is developed in Theorem 3.2, in which regime shift is 
priced. First, ao(s), ai (s) and (t(s) are the coeflicients that are given in the diffusion process 
of defaultable interest rate y{t): dy — (ao(s) + cii {s)y)dt + s/a{s)ydBy. Second, 9{s) is the 
coefficient on the market price of diffusion risk that is given in rjw = 9{s) >/(j(s)|/, and is 
the coefficient on the market price of regiiiie-switcliiiig risk that is given in = 1 — e办-八. 
Third, " “ 2 ) is the parameter which determines the transitional probability that is given in 




Many papers demonstrate that the short interest rate process can be reasonably 
well modeled in time series as a regime-switching process (see Garcia and Perron 
(1996), Gray (1996), and Ang and Bekaert (1998)). In addition to statistical 
evidence, there are also economic reasons to believe that regime shifts are im-
portant to understanding the behavior of the entire yield curve. However, term 
structure models such as the Cox, Ingersoll, and Ross (1985) and affiiie models 
do not incorporate them. Their absence in these models may explain why the 
models have poor empirical performance. 
The main contribution of this paper is to show that there is an improvement 
of model specification when the regime-switching risk component is incorporated 
in both AAA-rated and BBB-rated defaultable bonds. To be more specific, we 
develop and estimate a model for a term structure that incorporates regime-
switching risk. The empirical results have important implications for both AAA-
rated and BBB-rated defaultable bonds term structure models. First, the regime 
shifts affect the forecasting power in the term structure of defaultable bonds. 
Second, the regime shifts also affect the price of credit derivatives. The non-linear 
regime switching specification seems to add both statistical and economic values 
42. 
in pricing credit derivatives. It would be an interesting and valuable extension of 
this paper. 
, . . . 
43. 
Appendix A 
Extended Nelson and Siegel 
Model 
The idea of the Extended Nelson and Siegel (ENS) method is to fit the empirical 
form of the yield curve with a pre-specified functional form for the spot rates 
“1 — 丁11 r 1 — _ 
r ( m ) = + A " " “ “ / - 丨 e — . ( A . l ) 
_ m/Ti _ _ 7X1/72 _ 
The parameters, 0 = [ / 3 o , / ^ i , T 2 ] , are then estimated using the follow-




where the errors, are defined in terms of the theoretical prices from the model 
Pi, and the actual prices observed from the market Pi 
Si = P i - Pi, (A.3) 
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and the weights, Wi, are defined in terms of Macaiilay duration, D“ measured in 
days 
1 / A , 
广 (A.4) 
subject to: 
0 < r(jn.min), (A.5) 
0 < r(m(oo), (A.6) 
and, 
exp[-r(mA..)mfc] > e.xp[-r{mk+i)mk+i] Vni^ < m„,ax- (A.7) 
The first two constraints ensure that the short and long ends of the discount 
rate function are positive. The last constraint ensures that the discount function 
is non-increasing (non-negative forward rates). 
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Appendix B 
Moment-Matching of the CIR 
Model 
The short-rate factor in the standard CIR model is assumed to follow the square-
root process 
dr = K(0 - r)dt + a^/rdW, (B.l) 
where K is the mean reversion parameter, 9 is the long-run mean parameter, and 
a is the local volatility paranietcr. 
The short-rate factor in tlio standard CIR, model cannot be simulated us-
ing a discrete-time comitorpart directly. Wn and Zhang (2006) show that the 
short-rate factor can l)e sininlated according to the following step-wisely inoment-
inatched log-iioniial scheme 
r(t + At) = E^[r(t + At)] exp ( — 臺 八 , + r^AVK,^ , (B.2) 
46. 
where 
r 2 二 丄 iQg E 外 + 
with 
Ef[r{t + At)] = 0 + ( r � 一 KAt， (B.4) 
E?[r'{t + At)] 二 + 卞 + A力)])2 - � . ( B . 5 ) 
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